Abstract. A periodically bent Si crystal is shown to efficiently serve for producing highly monochromatic radiation in a gamma-ray energy spectral range. A short-period small-amplitude bending yields narrow undulator-type spectral peaks in radiation from multi-GeV electrons and positrons channeling through the crystal. Benchmark theoretical results on the undulator are obtained by simulations of the channeling with a full atomistic approach to the projectile-crystal interactions over the macroscopic propagation distances. The simulations are facilitated by employing the MBN Explorer package for molecular dynamics calculations on the meso-bio-and nano-scales. The radiation from the ultra-relativistic channeling projectiles is computed within the quasi-classical formalism. The effects due to the quantum recoil are shown to be significantly prominent in the gamma-ray undulator radiation.
The phenomena of channeling of relativistic charged particles through the crystalline structures remain in focus of challenging studies, both theoretical and experimental ones, for a number of years (see, e.g., the recent monograph [1] and the references therein). In the channeling mode, the particles move along crystallographic planes or axes such that the trajectories exhibit bound oscillations. Out of this mode, the motion is entirely unbound. The two types of motion are very contrast in properties, and so are the radiations produced by these motions. The radiation from channeling particles possesses distinct spectral features signifying bound oscillations in the trajectories, in contrast to a broad-spectrum incoherent bremsstrahlung radiation from the nonchanneling projectiles.
A variety of conditions have been considered in theoretical simulations on channeling dynamics and radiation, to be mentioned among the many are the recent studies [2, 3, 4, 5, 6] . Most widely addressed is the planar channeling in straight crystals. Here, the bound-type motions of the projectiles are the channeling oscillations in the direction transverse to the planes. The corresponding frequencies Ω ch are determined by the crystalline inter-planar potentials and by the projectile energies. In periodically bent crystals, the transverse motions of the projectiles acquire additional undulator oscillations. For relativistic particles, the velocities of motion along the channel are close to the light speed c, and the undulator oscillation frequency is Ω u = 2πc/λ u , where λ u is the bending period of the crystal.
The oscillations in motion yield the spectral lines in the radiation emitted by the projectiles. For the ultra-relativistic projectiles, the radiation emerges in a narrow domain of the directions close to the direction of the mean velocity, and the line positions scale according to the second power of the Lorentz-factor γ of the projectiles [7] . Possibility to tune these positions by varying the bending period and the projectile energies is an attractive property of the crystalline undulator (CU), a device whose concept was formulated some time ago [8, 9] . Theoretically, it has been rationalized that a CU can produce the monochromatic radiation of sub-MeV to MeV energies, and different schemes for CUs have been proposed for experiments. An evident experimental manifestation of the CU radiation has yet to happen, and further theoretical studies are important for supporting the experiments.
Since introducing the concept of CU, major theoretical studies on stability of the undulator motions as well as the calculations of the emerging radiation have been concerning the regimes where the particles follow the periodically bent crystalline shapes. For such motions, the undulator oscillation frequencies are smaller than the frequencies of the channeling oscillations, and hence the undulator lines appear in the spectra at the energies below the energies of the channeling lines. Yet another regime, with the opposite relation Ω u > Ω ch between the oscillation frequencies, has recently been shown [5] possible. There, the particles do not follow the bent profiles and the channeling resembles that in the straight crystal. The latter regime can be achieved in a short-period small-amplitude CU where the bending period λ u is shorter than the period of channeling oscillations in the straight crystal whereas the bending amplitude a is smaller than the inter-planner distance d.
The newly proposed short-period small-amplitude CU is a novel one and certainly requires additional theoretical verifications in order to be put forward for the experiments. The simulations reported in Ref. [5] are for the 855 MeV electrons and positrons and come along with the conclusion that the effects of bending are not seen in the trajectories but displayed in the radiation spectra. Such a puzzling outcome has to be verified in order to elucidate the physics of the undulator radiation. This has motivated us to investigate the subject by the theoretical methods more advanced and accurate that those employed in the studies [5] .
It is also demanding to study impact of the short-period small-amplitude bending on the electrons and positrons with energies higher than the value 855 MeV considered in Ref. [5] . Current experiments with CUs made of Si(110) extend to the multiGeV projectile energies, in particular to the value of 10 GeV provided by the SLAC experimental facility [10] . With increasing the beam energy, the undulator radiation, if produced, appears in a harder spectral domain and becomes more distinct in energies from a much softer channeling radiation. The increasing energy separation between the channeling and undulator lines is very attractive for the experimental detection of the undulator effect and its applications. We therefore focus on the 10 GeV projectiles, for the set of CU parameters considered in [5] .
To address the essence of undulator radiation it is imperative to study whether the projectiles acquire the short-period bound oscillations when passing through the CU. Giving the positive answer leaves no puzzle in understanding the spectral lines in CU radiation. For the multi-GeV particles and the bending periods of hundreds of nanometers, these lines appear at gamma-ray energies only a few times smaller than the energy of the projectiles. Here, the quantum effects in the CU radiation turn out to be important, in particular these due to the quantum recoil, which were neglected in [5] for the sub-GeV projectiles. Along with providing reliable simulations on the CU radiation, it is demanding to uncover the significance of the recoil in the spectra, the issue which to the best of our knowledge has yet not been quantitatively examined.
To simulate the channeling dynamics, we employ, as in the previously reported studies [3, 4] , the MBN Explorer package [11, 12] . This package is designed for highaccuracy computations on a broad variety of phenomena developing at meso-bio-and nano-scales in space and time. The theoretical approaches to channeling simulations with the MBN Explorer advance beyond the approximations applied in the other studies, in particular with respect to computing the projectile-crystal interaction. The case of multi-GeV projectiles is also an important benchmark to verify the capabilities of the MBN explorer.
To compute the radiation from the channeling motion, we use the quasi-classical formalism developed by Baier et al [13] . Here, the radiative transitions of the projectiles are described in terms of the classical trajectories, which allows for a direct link of the calculations to the results on the channeling dynamics. The quasi-classical formalism neglects the quantization of the projectile's motion, which is a safe approximation for the energies of the interest. At the same time, this approach includes the effects due to the quantum recoil important for the photon emission energies ω being no longer negligible compared to the energies ε of the projectiles.
The spectral intensities are computed by numerical integrations over the trajectories, as described in detail in Ref. [2] . For the periodic motions, a variety of analytical approximations become possible. In particular, the following relation [1] applies to the positions of the undulator peaks in the radiation along the mean velocity of the projectiles:
The integer n enumerates the fundamental (n = 1) peak and the higher (n > 1) harmonics, with ω n and ω ′ n being the peak positions with account for the quantum recoil and neglecting the recoil, respectively. Due to the recoil, the radiation frequencies become smaller than the frequencies neglecting the recoil, ω n < ω ′ n . The undulator parameter K results from the coupling between the projectile's motion along the mean velocity and the oscillations in the transverse direction. We use hereafter the energy units for the frequencies and notice that the ratio ω n /ε is a quantum parameter. We will refer to Eq. (1) when discussing the results of calculations on the CU radiation.
Next we briefly outline the details of the simulations on the channeling dynamics. As we study the channeling in Si(110), the (110) planes of a straight crystal define the xz-plane for our reference coordinate system. The z-axis is assigned to the direction of the incoming projectiles. A care is taken to avoid accidental orientations of the beam along crystallographic axes, as this is also done in the most common experiments in order to exclude the axial channeling. To simulate a bent crystal with the MBN Explorer, the coordinates x ′ , y ′ , z ′ of each lattice node are obtained from the coordinates x, y, z of the same node in a straight crystal according to the relations x ′ = x, y ′ = y + a cos(2πz/λ u ) and z ′ = z. For the short-period small-amplitude CUs of our interest, the values of λ u and a are of the hundreds of nanometers and of a few tens of Angstroms, respectively. In order to account for the thermal vibrations, the lattice structure is additionally transformed by random displacements of the atoms with respect to the equilibrium positions. The displacements obey the normal distribution corresponding to the value 0.075Å for the amplitude of the vibrations.
To uncover a maximum outcome of a possible experiment, we simulate a zeroemittance beam at the crystalline entrance z = 0. The incoming particles are directed along the (110) planes of the reference straight crystal, and the Monte-Carlo sampling over the transverse coordinates covers all different entrance points available for the beam to get into the inside of the crystal. With the above initial conditions, the MBN Explorer solves numerically the relativistic equations of motion to determine the projectile's trajectories. In course of the integration, the interaction of the projectiles with the crystalline environment is computed as a multi-center interaction with all those atoms that influence the motion. The latter atoms are dynamically selected within appropriately large simulation box, and the single interactions are described by the Moliere potentials. The relevant details can be found in, e.g., Ref. [2] . Here we would like to stress that, the above approach treats the forces experienced by the projectiles in a much more accurate way than the commonly employed mean-field approach or a particular "snap-shot" approximation to the forces employed in the studies [5] . With the MBN Explorer, the robust Moliere interactions are summed up over the macroscopic propagation sizes and the numbers of the atoms. For example, for the propagation length of 10 µm in Si, the interactions with approximately 2.5 × 10 6 atoms are included into the numerical simulations on the dynamics of the projectiles. For each set of CU parameters, sampling the initial conditions gave rise to more than 3000 trajectories that have been computed. First we have simulated propagation of the 855 MeV projectiles in Si CU with λ u = 400 nm and a = 0.4Å. Opposite to the conclusion of Ref. [5] for this CU and the beam energy, we find the effect of bending to be well displayed in the trajectories of the projectiles. This is demonstrated by Figure 1 showing the typical segments of the channeling motion over the 12 µm propagation scale along the bent crystal. The small yet well seen oscillations in the trajectories are evident to acquire the undulator period λ u and thus to be responsible for the undulator lines in the radiation spectra. Next we have studied the channeling and radiation for the multi-CeV particles.
Having analyzed the simulated trajectories, we can confirm the channeling to indeed occur for the 10 GeV projectiles, both for the electrons and positrons, in the shortperiod small-amplitude CUs. The variety of typical channeling trajectories appears to be distributed between two distinct trajectory types different in mean amplitude of the transverse oscillations. The latter types are shown in Figure 2 and are selected from the simulations for the CU with λ u = 400 nm and a = 0.4Å. Also shown in the figure are the bent profiles for the (110) planes in Si. The trajectories and profiles are plotted in terms of the transverse coordinate y (in units of the inter-planner distance d = 1.92Å for the straight Si crystal) and the longitudinal coordinate z (in µm). We remark that our simulations are the 3D ones, and the 2D plots are provided for better visualization of the dynamics of channeling.
The short-period bent crystalline profiles in Figure 2 define the channels guiding the projectiles through the crystal. In the channeling mode, the electron and positron trajectories pass through and in between the bent profiles, respectively. One type of the trajectories studied in the figure are the long-period large-amplitude trajectories. These exhibit two large oscillations along the 12 µm pass through the crystal. For the electrons, the oscillation amplitudes slightly exceed the bending amplitude a, whereas for the positrons the oscillations get within nearly all the space free from the atoms in between the bent crystalline planes. Another kind of the trajectories are the short-period small-amplitude ones. On the scale of bending amplitude, the corresponding motions are rather close to a translational motion of the free projectiles, though for the electrons in a valuably less extent than for the positrons. Yet on the smaller transverse scale, these trajectories display the oscillations that obviously result from the bent crystalline profiles (see the parts of the trajectories displayed in two separate plots in the figure) . The maximum number of the oscillations in a trajectory is given by the ratio 12 µm/λ u , i.e. is 30 for the CU with λ u = 400 nm studied in Figure 2 .
To this end, we focus on the properties of CU radiation by the 10 GeV projectiles. Our concern are the spectral intensities d 2 E(θ = 0)/dωdΩ calculated as the energy d 2 E emitted in the direction of the mean velocity of channeling particles (θ = 0) per photon energy dω and per solid angle dΩ.
Two kinds of oscillations in the trajectories discussed above contribute differently to the radiation spectra. The long-period oscillations determine the channeling radiation with the peak intensities in the soft energy range. Thought this radiation is similar to the radiation from straight crystal, it is influenced by the bending. In particular, increasing the bending amplitude suppresses the channeling radiation. The latter effect is demonstrated in Figure 3 and is related to decreasing portion of the long-period large-amplitude trajectories in CUs with larger bending amplitudes.
The short-period trajectories contribute to the undulator radiation from the CU. The corresponding spectral lines appear at the gamma-ray energies, as demonstrated in Figure 4 . The spectra in this figure are computed for CUs with the amplitude a = 0.4Å and three periods, λ u = 600 nm, λ u = 400 nm and λ u = 200 nm, respectively. Shown by the solid lines are the spectra computed with account for the quantum recoil, whereas the dashed lines are the results of neglecting the recoil in calculations. An immediate impact of the figure are the striking differences in the positions of the undulator peaks computed with and without accounting for the recoil. The latter is not a surprise as including the recoil yields the fundamental undulator peaks at the energies 1 − 3 GeV far not negligible compared to the beam energy of 10 GeV. These peaks appear at the softer energies, as compared to the peaks computed by employing a pure classical formalism. We also notice that the recoil yields the fundamental and higher undulator harmonics to be non-equidistant in spectral locations, in contrast to the equidistant peaks computed within the classical approximation. In contrast to the undulator peaks, the channeling peaks emerge at the energies 0.1 − 0.3 GeV much smaller than the beam energy. Therefore the channeling parts of the spectra are not influenced by the recoil in any noticeable way.
electrons positrons Table 1 . Undulator frequencies for the motion and the spectral lines for the 10 GeV projectiles in CU with the amplitude a = 0.4Å and different periods λ u .
In Table 1 we provide the central frequencies for the undulator peaks. The
Radiation from multi-GeV electrons and positrons in periodically bent silicon crystal 10 frequencies ω 1 and ω ′ 1 are determined from the numerical simulations of the spectra including and neglecting the quantum recoil, respectively, and appear to be in a decent agreement with the theoretical result (1) . Also included in the table are the values for the undulator parameter K which are deduced from comparing ω 1 and ω ′ 1 with the values 2γ
2 Ω u . For all periods of CU studied, the values of K drop far below the value of 1 implying thereby that the bent crystals work indeed as the undulators for the channeling multi-GeV projectiles. With decreasing bending period, the values of K decrease as well being slightly smaller for the positrons than for the electrons.
As the short-period small-amplitude bent Si crystals are being manufactured and the high-quality beams of electrons and positrons with multi-GeV energies are on the present experimental disposal [10] , it is demanding to bring these ingredients together for producing and manipulating the monochromatic gamma-ray radiation. Theoretical support of the experiments has to include the effects of the quantum recoil in order to deliver reliable predictions on the radiation spectra. The experimental measurements can also provide the values for the undulator parameter which are valuable for theory of the channeling phenomena.
